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      Corruptio optimi pessima:        
Practicing skills by using and investigating 

mathematical patterns  

 

www.Mathe2000.de 
 

New syllabus Northrhine-Westphalia  1985 
(„Winter syllabus“) 
 
1.  Inquiry-based learning as the leading principle 

2.  Content objectives and general mathematical objectives                                                
(mathematizing, exploring, reasoning, communicating) 

3.  Orientation towards applications and mathematical 
structures  
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   Addtional decisions made in Mathe 2000: 
 
 –Emphasis on practicing skills 
   Adolph Diesterweg:„What counts is not learning but practicing (skills).“ 
    O.F. Bollnow: Vom Geist des Übens. Freiburg: Herder 1978 
    Latin wisdom: Repetitio est mater studiorum 

Main publication:  
Handbuch produktiver Rechenübungen  1990/1992 
(Handbook for Practicing Skills) 

 
– Communicating with teachers via elaborated substantial  

 learning environments that „speak“ to teachers 
 

Five guiding principles of Mathe 2000: 
 
1.  Emphasis on fundamental mathematical ideas 

that can be developed along the grades and  
emphasis on mathematical processes 

2.  Inquiry- based and social learning 

3.  Differentiated view of practicing skills 

4.  Attention to the whole spectrum of students 
(natural differentiation) 

5.  Systemic assessment 
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Five guiding principles of Mathe 2000: 
 
1.  Emphasis on fundamental mathematical ideas 

that can be developed along the grades and 
emphasis on mathematical processes 

2.  Inquiry- based and social learning 

3.  Differentiated view of practicing skills 

4.  Attention to the whole spectrum of students 
(natural differentiation) 

5.  Systemic assessment 

Distinction between three types of practice 
 
1.  Introductory practice 

2.  Practice for automatisation 

3.  Productive Practice 
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Example 1: The multiplication table 

Mathematical foundation: 
 
Commutative law of multiplication: a·b = b·a 
 
Associative law of multiplication: (a·b)·c = a·(b·c) 
 
Distributive law: a·(b + c) = a·b + a·c 
                         (a + b)·(c + d) = a·c + a·d + b·c + b·d 
 
 

b 

a 

a · b 

Operative proofs of the laws  
(based on the principle of invariance) 

Appropriate representation for the primary level : 

Rectangular patterns of dots (Freudenthal, Winter) 
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4 + 4 + 4 

3 · 4 

3 + 3 + 3 + 3 
  4 · 3 

b 

a 

a · b 

a 

b 

b · a 

Commutative law 

= 

a · b circles              a rows 

a 

b 
Associative law 
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a 

b 

c c c c c c 

c c c c c c 

c c c c c c 

c c c c c c 

Associative law 
 

a · b circles              a rows 

a · b times c 

a 

b 

c c c c c c 

c c c c c c 

c c c c c c 

c c c c c c 

(a · b) · c      

Associative law 
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a · b times c 

a 

b 

c c c c c c 

c c c c c c 

c c c c c c 

c c c c c c 

(a · b) · c     a · (b · c) 

a times b · c 

= 

Associative law 
 

7 · 9 = 7 · 5 + 7 · 4 

7 · 9 = 5 · 6 + 5 · 3 + 2 · 6 + 2 · 3 

Distributive law 
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Basic teaching aid: Hundred field with movable cardboard (H. Winter) 
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 Multiplication table: 
 Introductory practice 
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Multiplication table: 
Practice for automatisation  
 

Course „Blitzrechnen“ (bliksem rekenen) 
 

 

       Grade 1       Grade 2         Grade 3           Grade 4 

 
How many? 

How many? 
Which number? Division table Showing and naming 

numbers  

Numberline Counting in steps Doubling/Halving Complementing to            
1 Million 

Power of Five Complementing 
to the next full ten How many? Dividing powers of 10 

Decomposing Complementing 
           to 100 Counting in steps Subtracting powers of 10 

Complementing 
   to 10/20 Dividing 100 Complementing to 

1000 
Reading and writing big 

numbers 

Doubling Doubling/Halving Dividing 1000 Counting in steps 

Addition table Simple addition tasks Doubling/Halving Doubling/Halving 

Subtraction table Simple subtraction 
tasks 

Simple addition and 
subtraction tasks 

Simple addition and 
subtraction tasks 

Halving Decomposing times 10/divided by 10 Multiplying powers of 10 

Counting in steps Multiplication table Multiplication and 
division with tens 

Simple multiplication and 
division tasks /Minimultiplication 
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Materials for „Blitzrechnen“: 
 
Card file 1 - 4 
CD-ROM 1/2, 3/4 
Workbooks 1 - 4 
 
 

       Multiplication table: 
       Productive practice 
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2 · 2 =  
1 · 3 = 

3 · 3 =   
2 · 4 = 

4 · 4 =  
3 · 5 = 

5 · 5 =   
4 · 6 = 

6 · 6 =  
5 · 7 = 

7 · 7 =   
6 · 8 = 

8 · 8 =  
7 · 9 = 

9 ·  9  =   
8 · 10 = 

2 · 2 = 4  
1 · 3 = 3 

3 · 3 = 9   
2 · 4 = 8 

4 · 4 = 16  
3 · 5 = 15 

5 · 5 = 25   
4 · 6 = 24 

6 · 6 = 36  
5 · 7 = 35 

7 · 7 = 49   
6 · 8 = 48 

8 · 8 = 64  
7 · 9 = 63 

9 ·  9  =  81   
8 · 10 =  80 
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8 · 1 = 
9 · 2 = 

7 · 2 =    
8 · 3 = 

6 · 3 = 
7 · 4 = 

5 · 4 =    
6 · 5 = 

4 · 5 = 
5 · 6 = 

3 · 6 =  
4 · 7 = 

2 · 7 = 
3 · 8 = 

1 · 8 =  
2 · 9 = 
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8 · 1 =   8 
9 · 2 = 18  

7 · 2 = 14    
8 · 3 = 24 

6 · 3 = 18 
7 · 4 = 28 

5 · 4 = 20    
6 · 5 = 30 

4 · 5 = 20 
5 · 6 = 30 

3 · 6 = 18  
4 · 7 = 28 

2 · 7 = 14 
3 · 8 = 24 

1 · 8 =   8  
2 · 9 = 18 

Productive practice in a real 
setting  
(tooth formulae of mammals) 



18 

Example 2: Buildings with cubes (IOWO 1976) 
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Practice for 
 automatisation: 
 
Card file „Geometrie im Kopf“  
(Mental geometry) 

a 

b 

a 

b 

22

2 3

1

2 3

2

1

2

22

2 3

1

1 32

2 2

Example 3:  
Productive practice of long multiplication 
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Multiples of 647 

1294 · 3 
      

647 · 1 647 · 2 647 · 3 647 · 4 647 · 5 647 · 6 647 · 7 647 · 8 647 · 9 647 · 10 

647 1294 1941 2588 3235 3882 4529 5176 5823 6470 

1941 · 2 
       

1294 · 3 
     3882 

1941 · 2 
       

647 · 1 647 · 2 647 · 3 647 · 4 647 · 5 647 · 6 647 · 7 647 · 8 647 · 9 647 · 10 

647 1294 1941 2588 3235 3882 4529 5176 5823 6470 

Multiples of 647 
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1294 · 3 
     3882 

1941 · 2 
      3882 

1294 · 5 
     6470 

3235 · 2 
     6470 

1294 · 8 
   10352 

2588 · 4 
   10352 

   6470 
+ 3882 
 10352  

   5823 
+ 4529 
 10352  

  12940 
–  2588 
  10352  

647 · 1 647 · 2 647 · 3 647 · 4 647 · 5 647 · 6 647 · 7 647 · 8 647 · 9 647 · 10 

647 1294 1941 2588 3235 3882 4529 5176 5823 6470 

Multiples of 647 

Explanation: 

647 647 

647 647 647 

647 

  647 · 6 
  647 · 2 = 1294 

  647 · 3 = 1941 

  1294 · 3 

  1941 · 2 

  647 · 6 ...... 
  647 

· 2 · 3 
...... ...... 

· 3 · 2 
...... ......   647 

Associative law 
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4529 · 9 
   40761 

5176 · 8 
   41408 

  41408 
–40761 
      647 

647 · 1 647 · 2 647 · 3 647 · 4 647 · 5 647 · 6 647 · 7 647 · 8 647 · 9 647 · 10 

647 1294 1941 2588 3235 3882 4529 5176 5823 6470 

Learning environment for practicing long addition: 

2 3 4 5 6 7 

Choose the digits 2 to 7, make two 3-digit numbers with them 
and add these numbers.                                                           

Biggest result, smallest result?                                         

Is it possible to get round numbers like 700, 800, 900, 1000 
as results? 

Example 4: 
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   246 
+ 357 
   603 

1 1 1 

   643 
+ 257 
   900 

1 

   725 
+ 463 
 1188 

1 

   643 
+ 572 
 1215 

1 1 

   634 
+ 572 
 1206 

1 1 

   642 
+ 357 
   999 

1 

   543 
+ 762 
 1305 

1 

1 

   635 
+ 472 
 1107 

1 

1 

   465 
+ 237 
   702 

1 

1 

   245 
+ 763 
 1008 

1 

1 

   564 
+ 237 
   801 

1 

   642 
+ 753 
 1395 

1 

Questions:  
Why is the result 900 possible while the results 700, 800, 
1000, 1100 and 1200 seem impossible? 
What is special with the results? 
 

Analysis based on the place value table 

603,  702, 801, 900, 1008, 1107, 1206, 1305  

14 

Th H T O
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13 
27 counters

14 

Th H T O
   725 
+ 436 
 1161 

1 1 

   725 
+ 436 
 1161 

14 

Th H T O

1 1 
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   725 
+ 436 
 1161 

14 

Th H T O
18 counters

1 1 

   725 
+ 436 
 1161 

14 

Th H T O

1 1 
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   725 
+ 436 
 1161 

14 

Th H T O
9 counters

1 + 1 + 6 + 1 = 9 

1 1 

Theorem:  
In an addition task the sum of the digit sum of the numbers 
that are added differs from the digit sum of the result by a 
multiple of 9.  
As the digit sum is itself a sum the process of „casting 
out nines“ can be repeated. 
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Operations with counters prepare the ground for 
arithmetic and algebra. 

Moreover:  
Arranging dots and numbers in linear and rectangular 
patterns is sufficient to cover wide parts of elementary 
number theory.  
(see Müller/Steinbring/Wittmann, Arithmetik als Prozess, chapter 
3.4) 

Operative proofs with non-symbolic representations 
prepare the ground for proofs with symbolic 
representations. 

 
 Type of    
practice 

   
Introductory   

practice 

 
  Practice for 
automatisation 

 
Productive 
  practice 

 
Teacher‘s 
   focus 

 
   Careful 
foundation 

 
Insistence on    
full mastery 

 
  Inspiration 
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       Reminder for curriculum developers: 

wittmann@math.tu-dortmund.de 

Lack of time is the rock where the fairest educational schemes  
are wrecked. 

 
 
          A.N. Whitehead, The Aims of Education. New York 1929 
 


